Wave propagation in magneto-electro-elastic multilayered plates  by Chen, Jiangyi et al.
International Journal of Solids and Structures 44 (2007) 1073–1085
www.elsevier.com/locate/ijsolstrWave propagation in magneto-electro-elastic
multilayered plates
Jiangyi Chen a, E. Pan b,*, Hualing Chen a
a School of Mechanical Engineering, Xi’an Jiaotong University, 710049 Xi’an, PR China
b Department of Civil Engineering, The University of Akron, ASEC, Akron, OH 44325-3905, USA
Received 21 September 2005; received in revised form 24 May 2006
Available online 10 June 2006Abstract
An analytical treatment is presented for the propagation of harmonic waves in magneto-electro-elastic multilayered
plates, where the general anisotropic and three-phase coupled constitutive equations are used. The state-vector approach
is employed to derive the propagator matrix which connects the ﬁeld variables at the upper interface to those at the lower
interface of each layer. The global propagator matrix is obtained by propagating the solution in each layer from the bot-
tom of the layered plate to the top using the continuity conditions of the ﬁeld variables across the interfaces. From the
global propagator matrix, we ﬁnally obtain the dispersion relation by imposing the traction-free boundary condition on
the top and bottom surfaces of the layered plate. Dispersion curves, modal shapes, and natural frequencies are presented
for layered plates made of orthotropic elastic (graphite–epoxy), transversely isotropic PZT-5A, piezoelectric BaTiO3 and
magnetostrictive CoFe2O4 materials. While the numerical results show clearly the inﬂuence of diﬀerent stacking sequences
as well as material properties on the ﬁeld response, the general methodology presented in the paper could be useful to the
analysis and design of layered composites made of smart piezoelectric and piezomagnetic materials.
 2006 Elsevier Ltd. All rights reserved.
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In recent years, composites made of piezoelectric and/or piezomagnetic phases have been increasingly
applied to diﬀerent engineering structures, especially to the smart or intelligent systems as intelligent sensors,
damage detectors, etc. (Achenbach, 2000; Buchanan, 2003). These composites possess certain new prod-
uct properties (e.g. the magneto-electric eﬀect), which are not demonstrated with their individual compo-
nents. Various analytical/numerical studies have been carried out for these multiphase and multifunctional
materials. These include studies on the static deformation (Pan, 2001), free vibration (Pan and Heyliger,0020-7683/$ - see front matter  2006 Elsevier Ltd. All rights reserved.
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1074 J. Chen et al. / International Journal of Solids and Structures 44 (2007) 1073–10852002; Chen et al., 2005, in press), and on the eﬀective bulk material properties (Shin et al., 1998; Chen et al.,
2002).
For a homogeneous plate made of either isotropic or anisotropic material, the dispersion relation for
guided waves was studied several decades ago (Achenbach, 1973; Graﬀ, 1975). For instance, for a bilayered
isotropic plate, Jones (1964) studied the phase velocity vs. wavenumber behavior when the top layer has dif-
ferent thicknesses. Safaeinili et al. (1995) discussed the Floquet wave propagation in periodically layered com-
posites. There are also many articles on wave propagation in layered structures with particular emphasis on
the NDE application (Fahmy and Adler, 1973; Chimenti, 1997; Pan et al., 1999). More recently, wave prob-
lems in piezoelectric and piezomagnetic structures are widely investigated, with literature being mostly focused
on the piezoelectric materials (Minagawa, 1995; Faidi and Nayfeh, 2000; Liu et al., 2001, 2003; Wang and
Varadan, 2002).
In terms of methodology for solving problems in layered systems, the propagator matrix and the state-vec-
tor (or state space) approaches are the most popular methods among others (e.g., Thomson, 1950; Haskell,
1953; Gilbert and Backus, 1966; Bahar, 1975). Due to their conceptual simplicity and reduced programming
eﬀort and computing time, these approaches have now been extended to various complicated layered struc-
tures, including, for example, static and free vibration analysis of piezoelectric or magneto-electro-elastic
plates (Lee and Jiang, 1996; Wang et al., 2003; Chen et al., in press), derivation of Green’s functions (Pan,
1997), wave propagation in purely elastic and piezoelectric layered structures (Fahmy and Adler, 1973; Wang
and Rokhlin, 2002, 2004). To the best of the authors’ knowledge, however, wave propagation in magneto-elec-
tro-elastic multilayered plates has not been investigated so far, which is the motivation of this study.
In this paper, an analytical treatment on the propagation of harmonic waves in an inﬁnitely extended, mag-
neto-electro-elastic, and multilayered plate is presented. The constitutive relation used is of general anisotropy
with piezoelectric and piezomagnetic coupling. By virtue of the state-vector approach, the general displace-
ments and stresses of the medium are divided into the so-called ‘out-of-plane variables’ and ‘in-plane vari-
ables’. The propagator matrix, which connects the ‘out-of-plane variables’ at the top and bottom interface
of each layer, is derived by solving the state-vector equation. Then the propagator matrix is propagated from
one layer to the other using the continuity condition at the interface of the layers. Making use of the general
traction-free boundary conditions on the top and bottom surfaces of the layered plate, a simple dispersion
equation is obtained from the ﬁnal propagator matrix. Numerical examples are also presented to show the
features of the dispersion curves as well as the corresponding modal shapes, which should be of interest to
the future modeling and simulation using numerical methods.
This paper is organized as follows: In Section 2, we present the basic equations in terms of the state-vector
approach. In Section 3, we derive the dispersion relation for the layered plate. While numerical examples are
given in Section 4, conclusions are drawn in Section 5.
2. Governing equations
Consider an anisotropic, magneto-electro-elastic, and N-layered plate which is inﬁnite horizontally but
ﬁnite in the vertical (thickness) direction with a total thickness H. We place the horizontal (x,y)-plane of a
Cartesian coordinate system on the bottom surface and let the plate be in the positive z-region. Layer j is
bonded by the lower interface zj and upper interface zj+1 with thickness hj = zj+1  zj (j = 1,2, . . . ,N). We
assume that the general displacement and traction vectors are continuous across the interface, and that on
the top and bottom surfaces of the plate, the general traction vector is zero.
For a linear, anisotropic, and magneto-electro-elastic solid, the coupled constitutive equation can be writ-
ten in the following formri ¼ cikck  ekiEk  qkiHk; Di ¼ eikck þ eikEk þ dikHk; Bi ¼ qikck þ dikEk þ likHk ð1Þ
where ri, Di and Bi are the stress, electric displacement, and magnetic induction, respectively; ck, Ek andHk are
the strain, electric ﬁeld, and magnetic ﬁeld, respectively; cik, eik and qik are the 6 · 6 elastic, 3 · 6 piezoelectric,
and 3 · 6 piezomagnetic coeﬃcient matrices, respectively; eik, dik, and lik are the 3 · 3 dielectric, magnetic per-
meability, and magneto-electric coeﬃcients, respectively. We mention that various uncoupled cases can be re-
duced by setting the appropriate coupling coeﬃcients to zero.
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whereui ¼ ½ u v w T ð3Þ
are the elastic displacements, u and w are the electric potential and magnetic potential respectively.
For the wave propagation considered in this paper, the body forces, electric charge and current density are
assumed to be zero. Thus, the dynamic equation for the magneto-electro-elastic plate is governed byrij;j ¼ q o
2ui
ot2
; Dj;j ¼ 0; Bj;j ¼ 0 ð4Þ
with q being the density of the material. Eqs. (1) and (4) contain 17 equations and 17 unknowns. The 17 un-
knowns are: three elastic displacements, six stresses, three electric displacements and magnetic inductions, one
electric potential and magnetic potential. Therefore, the 17 unknowns can be determined by solving the 17
equations (1)–(4).
Furthermore, the 17 unknowns can be divided into two categories: One is called the ‘out-of-plane variables’
(related to the general displacement and traction which are taken as the primary variables); the other is called
the ‘in-plane variables’ (related to the in-plane stress, electrical displacement and magnetic displacement which
are taken as the secondary variables). The primary variables are expressed by the vector formg ¼ u v Dz Bz rz szx szy u w w½ T ð5Þ
where the subscripts x, y and z correspond to subscripts 1, 2 and 3 in Eqs. (1), (2) and (4). With the state-vector
approach, the secondary variables can be determined through the primary variables. However, for simplicity,
only the state-vector equation for the primary variables is derived, which can be written asog
oz
¼ Ag ð6Þ
where, for the 6 mm crystal material, the matrix A is given byA ¼ 0 A1
A2 0
 
ð7ÞandA1 ¼
1
c55
0  e15
c55
o
ox
 q15
c55
o
ox
 o
ox
0
1
c44
 e24
c44
o
oy
 q24
c44
o
oy
 o
oy
e11 þ e
2
15
c55
 
o2
ox2
þ e22 þ e
2
24
c44
 
o2
oy2
d11 þ e15q15c55
 
o2
ox2
þ d22 þ e24q24c44
 
o2
oy2
0
Sym l11 þ
q215
c55
 
o2
ox2
þ l22 þ
q224
c44
 
o2
oy2
0
q
o2
ot2
2666666666666666664
3777777777777777775
ð8Þ
A2 ¼
a11 o
2
ox2
 c66 o
2
oy2
þ q o
2
ot2
a12 o
2
oxoy
 c66 o
2
oxoy
m21 oox m31
o
ox
m11 oox
a22 o
2
oy2
 c66 o
2
ox2
þ q o
2
ot2
m22 ooy m32
o
oy
m12 ooy
f22 f23 f12
Sym f33 f13
f11
266666666664
377777777775
ð9Þ
1076 J. Chen et al. / International Journal of Solids and Structures 44 (2007) 1073–1085In Eq. (9),aij ¼ cij  ci3m1j  e3im2j  q3im3j ði ¼ 1; 2; j ¼ 1; 2Þ ð10Þ
mij ¼ fi1cj3 þ fi2e3j þ fi3q3j ði ¼ 1; 2; 3; j ¼ 1; 2Þ ð11Þ
fij ¼ nij= det j ði ¼ 1; 2; 3; j ¼ 1; 2; 3Þ ð12Þwithj ¼
c33 e33 q33
e33 e33 d33
q33 d33 l33
264
375 ð13Þand nij being the corresponding algebraic cofactors of j.
3. Dispersion relation
Considering a harmonic wave propagating along the azimuthal angle ameasured from the positive x-axis in
the anti-clockwise direction, the solution of Eq. (6) then can be assumed in the following formg ¼ ~gðzÞeiðk1xþk2yxtÞ ð14Þ
where x is the angular frequency, t the time, i ¼ ﬃﬃﬃﬃﬃﬃ1p , and k1, k2 are the two components of the wave vector
which are given byk1 ¼ k cos a; k2 ¼ k sin a ð15Þ
with k being the magnitude of the wavenumber in the propagation direction. Also in Eq. (14), ~gðzÞ has been
taken as~gðzÞ ¼ ~u ~v i~Dz i~Bz i~rz ~szx ~szy i~u i~w i~w
 T ð16Þso that the elements of the matrix eA in Eq. (18) below are all real. Substituting Eq. (14) into Eq. (6) leads to
d~gðzÞ
dz
¼ eAðx; kÞ~gðzÞ ð17Þ
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Elastic
Lamin
0
90~gðzÞ ¼ Benkz ð21Þ
Substituting Eq. (21) into Eq. (17), we ﬁnally arrive at the following eigenvalue equation½eAðx; kÞ  nkI B ¼ 0 ð22Þ
Upon solving the eigenvalues and eigenvectors from Eq. (22), the general solution for the general displacement
and traction vectors are derived as~gðzÞ ¼ WhenkziK ð23Þ
where W is the eigenvector, henkzi is a diagonal matrix for the eigenvalues n*, and K is a 10 · 1 column matrix
to be determined. Let us assume that Eq. (23) is a general solution in the homogeneous layer j, with the top
and bottom boundaries at hj and 0 (locally), respectively. Let z = 0 in Eq. (23) and solve for the unknown con-
stant column matrix, we ﬁnd thatK ¼ W1~gð0Þ ð24Þ
Therefore, the solutions in the homogeneous layer j at any z can be expressed by those at z = 0 as~gðzÞ ¼ PðzÞ~gð0Þ ð25Þ
wherePðzÞ ¼ WhenkziW1 ð26Þ
is the propagator matrix, which relates to the z-coordinate only, and thus, holds in the global system as well.
Therefore, relation (25) can be used repeatedly so that we can propagate the physical quantities from the bot-
tom surface z = 0 to the top surface z = H of the layered plate. Consequently, we have~gðHÞ ¼ PN ðhN ÞPN1ðhN1Þ   P1ðh1Þ~gð0Þ ð27Þ
where hj = zj+1  zj is the thickness of layer j and Pj again is the propagator matrix of layer j.
Eq. (27) is a surprising simple relation, and for given homogeneous boundary conditions, can be reduced to
the dispersion equation, from which the natural frequencies of the system can be solved. As an example, we
assume that the top and bottom surfaces are free boundaries (i.e., the elastic traction, the z-direction electric
displacement, and magnetic induction are zero), we ﬁnd thateSðHÞ
0
" #
¼ T11 T12
T21 T22
  eSð0Þ
0
" #
ð28ÞwhereeS ¼ ~u ~v ~/ ~w ~w T ð29Þ
and the submatrices Tij are obtained from the multiplication of the propagator matrices in Eq. (27). Therefore,
the dispersion relation is simply the condition that the determinant of the submatrix T21 vanishes, that isdet½T21 ¼ 0 ð30Þ4. Numerical examples
In order to verify our approach, a purely elastic, 35-layered graphite–epoxy cross-ply laminated plate with
90/0/  /90/0/  /0/90 conﬁguration is considered (Karunasena et al., 1991). The top and bottom sur-
faces of the plate are traction-free and the material properties are given in Table 1.1
properties of 0 and 90 graphite/epoxy ﬁbers (cij in 1011 N/m2) from Karunasena et al. (1991)
a c11 c33 c13 c55
1.6073 0.1392 0.0644 0.0707
0.1392 0.1392 0.0692 0.0350
Fig. 1. Dispersion curves for the cross-ply graphite/epoxy plate with 35 layers.
Fig. 2. Dispersion curves for the three-layer plate ZnO/ZnO/Si.
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are normalized as X ¼ xH
2
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðc55=qÞ0
p and k = kH/2 with H being the total thickness of the plate. It is observed that
Fig. 1 based on the present formulation is the same as Fig. 2(b) in Karunasena et al. (1991) for the normalized
wavenumber varying from 0 to 5.
The second example for our veriﬁcation is a three-layered piezoelectric plate, called ‘‘ZnO/ZnO/Si’’, where
ZnO represents zinc oxide and Si the silicon with material properties being given in Stewart and Yong (1994).
The thickness fractions for each layer are 0.36, 0.24 and 0.40 so that the total thickness is 1. Fig. 2 represents
the dispersion relation for the three-layered plate under the open circuit condition with the normalization for
the wavenumber and frequency being the same as in Stewart and Yong (1994). Again, it is observed that the
present method (Fig. 2) predicts exactly the same dispersive curves as in the right half of Fig. 16 for the prop-
agation modes in Stewart and Yong (1994).
Having veriﬁed our formulation for the purely elastic and piezoelectric multilayered plates, we now apply
our solution to the three-layered plate composed of the magnetic and/or piezoelectric materials. Two cases are
considered: One is a composite plate made of elastic graphite–epoxy and piezoelectric PZT-5A, and the other
is the magneto-electro-elastic plate made of piezoelectric BaTiO3 and magnetostrictive CoFe2O4. The three
layers are assumed to have equal thickness, with material properties being listed in Table 2.
4.1. Three-layered graphite–epoxy/PZT-5A/graphite–epoxy plate
The ﬁrst case considered is a three-layered composite plate with its top and bottom layers made of graphite–
epoxy, and middle layer of PZT-5A. Fig. 3 shows the dispersion curves of the ﬁrst seven modes for the wave
Table 2
Material properties (cij in 10
9 N/m2, eij in C/m
2, qij in N/Am, eij in 10
9 C2/(N m2), lij in 10
6 N s2/C2, q in kg/m3) from Ramirez et al.
(2006)
Properties BaTiO3 CoFe2O4 PZT-5A Graphite–epoxy Properties BaTiO3 CoFe2O4 PZT-5A Graphite–epoxy
c11 166 286 99.201 183.443 e31 = e32 4.4 0 7.209 0
c22 166 286 99.201 11.662 e33 18.6 0 15.118 0
c12 77 173 54.016 4.363 e24 = e15 11.6 0 12.322 0
c13 78 170.5 50.778 4.363 q31 = q32 0 580.3 0 0
c23 78 170.5 50.778 3.918 q33 0 699.7 0 0
c33 162 269.5 86.856 11.662 q24 = q15 0 550 0 0
c44 43 45.3 21.1 2.87 e11 = e22 11.2 0.08 1.53 1.53
c55 43 45.3 21.1 7.17 e33 12.6 0.093 1.5 1.53
c66 44.5 56.5 22.6 7.17 l11 = l22 5 590 5 5
q 5800 5300 7750 1590 l33 10 157 10 10
Fig. 3. Dispersion curves for the sandwich graphite–epoxy/PZT-5A/graphite–epoxy plate: (a) a = 30, (b) a = 45, and (c) a = 60.
J. Chen et al. / International Journal of Solids and Structures 44 (2007) 1073–1085 1079propagating with diﬀerent incident angles in the plate. The incident angles are 30, 45 and 60 in Fig. 3(a)–(c),
respectively. In these ﬁgures, while the horizontal axis is the dimensionless wavenumber kH, the vertical axis is
the dimensionless phase velocity taken as c ¼ x
k
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
cmax=qmax
p with cmax being the maximum elastic stiﬀness element
1080 J. Chen et al. / International Journal of Solids and Structures 44 (2007) 1073–1085of the layered plate and qmax the maximum density in the system. Comparing Fig. 3(a)–(c), we observe that the
third mode signiﬁcantly varies with the incident angle of the wave, in particular when the wavenumber is low.
Actually, when the wavenumber is low (e.g., close to zero), its phase velocity on the third mode decreases with
increasing incident angle (from 30 to 60). On all other modes, on the other hand, the phase velocity curves
are very similar to each other for diﬀerent incident angles.
4.2. Three-layered plates made of BaTiO3 and CoFe2O4
The three-layered plates with stacking sequences B/F/B, F/B/F, B/B/F, and F/F/B (B and F represent,
respectively, BaTiO3 and CoFe2O4) are investigated in this section. For comparison, results for the homoge-
neous plate made of piezoelectric BaTiO3 (i.e., with a B/B/B stacking and is also called B only) and magne-
tostrictive CoFe2O4 (i.e., with an F/F/F stacking and is also called F only) are also presented. Due to the
symmetry of transverse isotropy for these materials (with their symmetric axis being along the z-axis), an arbi-
trary incident angle can be chosen for the calculation of dispersion curves.
In Fig. 4(a)–(f), the dispersion curves for the ﬁrst seven modes of the layered plate with the six diﬀerent
stacking sequences are presented. Comparing Fig. 4 to Fig. 3 and also Fig. 4(a)–(f) among themselves, one
would notice that all these dispersion curves are very similar to each other. However, diﬀerences among them
do exist if we present the dispersion curves for diﬀerent stacking sequences in the same ﬁgure, as shown inFig. 4. Dispersion curves for the three-layered plate made of BaTiO3 and CoFe2O4: (a) B only (B/B/B), (b) F only (F/F/F), (c) B/F/B, (d)
F/B/F, (e) B/B/F, and (f) F/F/B.
Fig. 5. Comparison of dispersion curves for the three-layered plates with diﬀerent stacking sequences: (a) mode 1 and (b) mode 3.
J. Chen et al. / International Journal of Solids and Structures 44 (2007) 1073–1085 1081Fig. 5(a) and (b) for modes 1 and 3, respectively. It is clear from Fig. 5(a) and (b) that the phase velocity cor-
responding to the B only (i.e., the B/B/B stacking sequence) is much larger than those corresponding to the
other stacking sequences. This sharp diﬀerence in the dispersion curves for diﬀerent stacking sequences is per-
haps due to the fact that the maximum elastic stiﬀness element for BaTiO3 is smaller than that in CoFe2O4
whilst both have nearly the same mass density. We also observe that the dispersion curves corresponding
to the other stacking sequences (except for the B only) are all very close to each other, and that for those
on mode 3 (Fig. 5(b)) they are apparently separated into two groups: Group 1 (with two B layers) consists
of B/B/F and B/F/B, and Group 2 (with one B layer or F only) consists of F/B/F, F/F/B, and F only. Another
interesting feature associated with Fig. 5(b) is that, for small wavenumber, the phase velocity in Group 1 is
smaller than that in Group 2.
In order to analyze the dispersion feature in more detail, we have also studied the modal shapes associated
with diﬀerent modes at given wavenumbers. First, listed in Table 3 are some of the low natural frequencies
for the six stacking sequences at wavenumber kH = 2. The natural frequencies are normalized asTable 3
Dimensionless natural frequencies X at kH = 2
Stacking sequences Mode
1 2 3 4 5
B only 0.7224 1.0355 1.7471 1.9049 2.5497
F only 0.5614 0.8889 1.4462 1.5341 1.9824
B/F/B 0.5453 0.8349 1.4105 1.4741 1.9174
F/B/F 0.5943 0.8817 1.4564 1.5798 2.1196
B/B/F 0.5710 0.8324 1.3906 1.5171 2.0316
F/F/B 0.5655 0.8790 1.4567 1.5415 1.9965
Fig. 6. Third modal shapes in B only (B/B/B) plate: (a) kH = 2 and (b) kH = 5.
1082 J. Chen et al. / International Journal of Solids and Structures 44 (2007) 1073–1085X ¼ xH= ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃcmax=qmaxp . From Table 3, we notice that, on the same mode, the B/B/B (B only) stacking sequence
has a high natural frequency as compared to those corresponding to the other stacking sequences where their
frequencies are relatively close to each other. This actually also explains the dispersion feature we observed
from Fig. 5 where the B/B/B stacking sequence has a larger phase velocity as compared to other sequences.
The third modal shapes for the general displacements (elastic displacement, and electric and magnetic
potentials) in the thickness direction of the plate are presented in Figs. 6–11, with those corresponding to
wavenumber kH = 2 in (a) and kH = 5 in (b). First, due to the material symmetry of transverse isotropy,
the two horizontal displacement components (u and v) are the same on the same mode, and therefore their
corresponding modal shapes overlap to each other in Figs. 6–11. Second, it is interesting that, for diﬀerentFig. 7. Third modal shapes in B/B/F plate: (a) kH = 2 and (b) kH = 5.
Fig. 8. Third modal shapes in B/F/B plate: (a) kH = 2 and (b) kH = 5.
Fig. 9. Third modal shapes in F/B/F plate: (a) kH = 2 and (b) kH = 5.
Fig. 10. Third modal shapes in F/F/B plate: (a) kH = 2 and (b) kH = 5.
Fig. 11. Third modal shapes in F only (F/F/F) plate: (a) kH = 2 and (b) kH = 5.
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ing modal shapes are completely diﬀerent (Figs. 6–11). Third, these modal shapes are exactly the same as those
corresponding to the free vibration of the same layered plates but ﬁnite in lateral directions with simply sup-
ported conditions (Pan and Heyliger, 2002; Chen et al., in press). Fourth, for the given stacking sequence, the
displacement modal shapes on kH = 5 (Figs. 6(b)–11(b)) are more complicated than those on kH = 2 (Figs.
6(a)–11(a)). Fifth, while the elastic displacement modal shapes are always smooth for diﬀerent stacking
sequences, with the except for the B/F/B plate with kH = 5 (Fig. 8(b)), the slope of the electric and magnetic
potentials experience a discontinuity across the material interface (say from B to F), a clear correlation with
the stacking sequence. Finally, for the B/B/F and F/F/B stacking sequences where the material property is not
symmetric about the middle plane of the plate, the modal shapes are no longer symmetric (or anti-symmetric)
about the middle plane, as shown in Figs. 7 and 10.
5. Conclusions
In this paper, the dispersion relation of the three-dimensional, anisotropic, magneto-electro-elastic, and
multilayered plates has been derived. The state-vector approach and the propagator matrix method are intro-
duced to solve the problem. The purely elastic and piezoelectric multilayered plates are ﬁrst selected to verify
the formulation proposed. Then typical numerical examples for the dispersion curves and modal shapes are
presented for the piezoelectric and magnetic plates with six diﬀerent stacking sequences (B/B/B, F/F/F,
B/F/B, F/B/F, F/F/B, and B/B/F), including also the sandwich plates made of piezoelectric orthotropic mate-
rials. For the sandwich orthotropic plate, we found that the dispersion curve corresponding to the third mode
is sensitive to the incident angle. For the sandwich plates made of piezoelectric and piezomagnetic materials,
we observed that while the dispersion curves corresponding to diﬀerent stacking sequences are only slightly
diﬀerent, the corresponding modal shapes can be remarkably diﬀerent. We also noticed that the modal shapes
1084 J. Chen et al. / International Journal of Solids and Structures 44 (2007) 1073–1085predicted in this paper are similar to those from the free vibration analysis. We ﬁnally calculated some of the
low natural frequencies for the sandwich plate made of piezoelectric and piezomagnetic materials, and noticed
that on the same mode the frequency for the B only plate is larger than those corresponding to the other stack-
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